We generalize the theory of positive diagonal scalings of real positive de nite matrices to complex diagonal scalings of complex positive de nite matrices. A matrix A is a diagonal scaling of a positive de nite matrix M if there exists an invertible complex diagonal matrix D such that A = D * MD and where every row and every column of A sums to one. We look at some of the key properties of complex diagonal scalings and we conjecture that every n by n positive de nite matrix has at most n− scalings and prove this conjecture for certain special classes of matrices. We also use the theory of complex diagonal matrix scalings to formulate a van der Waerden type question on the permanent function; we show that the solution of this question would have applications to nding certain maximally entangled quantum states.
Introduction
In this paper we develop the complex version of the theory of diagonal matrix scalings of positive de nite matrices rst explored by Marshall and Olkin [10] . In this section, we review the properties of some of the classes of matrices we will use in the paper. In Section two, we brie y describe the relevant past results on diagonal matrix scalings and explore the theory of complex diagonal matrix scalings. In particular, we formulate a conjecture on the number of di erent matrix scalings a positive de nite matrix could have; in Section three we prove this conjecture for certain special classes of matrices. In Section four, we use the theory of matrix scalings to state a van der Waerden-type question about permanents and show that this question has applications to the study of highly entangled quantum states.
We begin by reviewing some of the matrix theoretical de nitions used in this paper. for all k, then c i = cj for all ≤ i, j ≤ n. Setting i = j, we get |c i | = for ≤ i ≤ n. Hence c j = (c i ) − = c i for all ≤ i, j ≤ n.
Hence for M positive de nite with no zero entries, sc(M) is also equal to number of invertible diagonal matrices D unique up to scalar multiplication such that D * MD ∈ QSPn. This result fails for matrices M with zero entries, which is why we focus on the number of diagonal scalings rather than on the number of diagonal matrices which implement those scalings.
In this paper we explore the set of complex diagonal scalings of complex positive de nite matrices. We start by restating one component of the proof of [12, Lemma 2.9] in a convenient equivalent form. We use say that a function has a local extremum at a point if it has either a local maximum or a local minimum at that point. We note that the proof of this result is nearly identical to part of the proof of [12, Lemma 2.9] . We provide a proof here for the convenience of the reader.
for any c > , we may assume D ∈ S. For ≤ k ≤ n, let r k be the sum of the elements in the kth row of D * AD and let
s ) and since this function has a local extremum at t = , s and hence r must be real.
A similar argument shows us that r k is real for all k and hence r k is also the sum of the elements in the kth
Since this function has a local extremum at ϵ = , r = r . Hence all row and column sums are equal and D * AD is an equisum matrix.
We can then use the fact that both the numerator and denominator of f are homogeneous functions to give a further equivalent statement of this result which will prove useful in a later section.
Corollary 2.1. Let A be an n by n complex positive de nite matrix and let S be the ellipsoid E = {v ∈ C n :
We note that since E is a compact set and g is continuous, the existence of a local maximum is guaranteed which means that every complex positive de nite matrix A can be diagonally scaled to a doubly quasistochastic matrix. There are other interesting questions that can be raised about the geometry of the set of scalings of a given complex positive matrix. In this paper, we largely focus on the number of distinct scalings as the rst step toward the study of the geometry of the set of scalings. In the next section, we will prove this conjecture for all two by two matrices, three by three circulant matrices and real tridiagonal matrices of arbitrary size. For the remainder of this section, we continue exploring properties of matrix scalings. We begin with a well known elementary result from positive scalings of real matrices and note that it also holds for complex scalings of complex matrices with an identical proof. ; this provides us with up to n di erent scalings of an n by n circulant matrix; these scalings are also circulants as well. If Conjecture 2.1 holds, we might have up to n− − n other scalings when n ≥ , these scalings may not necessarily be circulants.
Since we know that every positive de nite matrix has at least one scaling, we can assume the matrix is already scaled to be doubly quasi-stochastic (and hence in QSPn) and look at rescalings. One may ask which diagonal matrices D have the property that they rescale some matrix in QSPn. Using Proposition 2.2, we see that
* AD ∈ QSPn if and only if there is a n by n positive de nite matrix which maps ( , , ..., )
This is a special case of the positive de nite interpolation problem: given two sets of linearly independent As a corollary, we can give an easy proof that any complex positive de nite matrix has either zero or one positive scalings. This is known in the real case [10] and is also a simple consequence of [8, Theorem 2] . We rst need the Chebyshev sum inequality for monotone sequences. (See [6] and the references therein for more details on this inequality). 
Evidence for the main conjecture
In this section we prove certain special cases of Conjecture 2.1. We begin by de ning a natural equivalence relation on QSPn. We now prove our conjecture for certain special classes of matrices. We begin with the easiest case. In higher dimensions, not every equisum matrix is a circulant. While we do not have a general description of equivalence classes in QSPn, we can show that every equivalence class containing a non-scalar circulant has three or four elements, three of which are circulants thereby proving Conjecture 2.1 in this case. Proof. Let M be a three by three positive de nite circulant matrix, D be a three by three diagonal matrix and F be the three by three Fourier matrix. Then F * MF is a diagonal matrix and F * DF is a circulant matrix. Let
MD is a doubly quasistochastic matrix, Proposition 1.1 shows us that C * BC = F * (D * MD)F has every entry equal to zero in the rst row and column except for the ( , ) entry which will be one. We can restate our scaling problem for the three by three circulants as follows: given a three by three positive de nite diagonal matrix D nd all circulant matrices C such that C * DC has every entry equal to zero in the rst row and column except for the one in the 
Take the complex conjugate of (2) = cxy + axz + byz
Then the system of equations (1) Hence v must be a multiple of (b − ac, c − ab, a − cb) which is the cross product of these two vectors. One choice is v = which will occur when any two of x, y, z are zero. These give us the scalings D * MD where
We can also get these scalings from the eigenvectors of circulants by the remark following Proposition 2.2. We now consider the case where v ≠ ,
If any one of the right hand sides of (4), (5) and (6) is zero, then we get no further solutions so suppose none of these are zero. We note that the magnitude of k is xed by the condition that a|x| +b|z| +c|y| = and we know show that the sign of k is xed as well. We note that at least one of these terms on the right hand side will be positive and at least one of the terms will be negative (since if a ≥ b ≥ c > , then (a −bc) is positive and (c − ab) is negative). Since the product of these terms is equal to (xyz) , one of these factors must be positive and two must be negative, this xes the sign of k and hence xes the exact value of k. Taking the absolute values and then the logarithms of these equations yield the following linear equations in ln(x), ln(y), ln(z).
We can now use standard algebra to obtain a unique solution for |x|, |y|, |z|.
If we x the sign of x, the signs of y and z are determined by the signs of the right hand sides of (4), (5) and (6) . Hence this solution gives rise to a unique scaling. So sc(M) ≤ whenever M is a three by three circulant.
We note that our proof means that we have an exact value for sc(M) when M is a three by three positive de nite circulant. If M is a multiple of the identity then sc(M) = , if M is not a multiple of the identity, then
sc(M) = if det(M) is an eigenvalue of M and sc(M) = if det(M) is not an eigenvalue of M.
We note that every element of QSP is a real matrix; this is not true of QSP where even most real three by three circulants share their equivalence class with nonreal matrices. What distinguishes the two by two case from higher dimensions is that every by matrix is a real tridiagonal matrix. We will see that all real tridiagonal matrices have the same property; if T is an n by n real tridiagonal matrix, then any D * TD ∈ QSPn must also be a real matrix. This proves our conjecture for the special case of the real tridiagonal matrices.
Permanents and the geometric measure of entanglement
In this section we explore connections between the permanent function and the diagonal scalings of positive de nite matrices. We will later look at an application to the study of the geometric measure of entanglement of symmetric states. Let Sn denote the symmetric group of order n. Recall that for any A ∈ Mn(C), the permanent of A is de ned as per(A) = σ∈Sn n k= a kσ(k) [11] . One of the most well-known conjectures in matrix theory was the van der Waerden conjecture about the lower bound of the permanent function on the doubly stochastic matrices which was proved independently in the early eighties by Egorychev [4] and Falikman [5] . We state their result together with the much more elementary upper bound. We can consider the same problem for positive semide nite doubly quasi-stochastic matrices in Mn(C). In this case we get the same lower bound (this was proved even earlier than the van der Waerden conjecture by Marvin Marcus [9, theorem 2]) but no upper bound at all. To see this consider the matrix + x −x −x + x which is positive de nite doubly quasi-stochastic for all x ≥ − and has permanent + x + x which goes to in nity as x gets large. We note however that the upper bound becomes interesting when we consider equivalence classes in QSPn. We introduce the following de nition: These questions have a simple answer when n = . In this case, every equivalence class has at most two members, one of which is doubly stochastic. Direct calculation shows us that the doubly stochastic matrix has the smaller permanent of the two matrices in the equivalence class. Hence MinSc is exactly the two by two positive de nite doubly stochastic matrices and the largest permanent in MinSc is achieved by the two by two identity. The same idea shows us that the element in MaxSc which has smallest permanent is also the two by two identity. This idea fails when n ≥ as there are equivalence classes containing no doubly stochastic matrices. An example is the equivalence class containing the following matrix which cannot be scaled to a doubly stochastic matrix because of the signs of its entries:
We will now present some motivation for Question 4.1 by showing that the elements in MinScn which have maximal permanent can be used to generate highly entangled symmetric states. We start by introducing some concepts from quantum physics beginning with the geometric measure of entanglement. We will concentrate entirely on the mathematical properties of this concept; readers interested in the physical background can consult [1, 7, 16] . Any composite pure state in quantum mechanics can be represented as an unit length element of the tensor product of Hilbert spaces. Certain composite systems have the property that measuring one component of the system simultaneously a ects the other components of the system. This property is called entanglement. Entanglement is a key resource in quantum computation. Di erent systems have di erent degrees of entanglement and many di erent measures of entanglement have been proposed [1, Ch. 15] . The geometric measure of entanglement was proposed by Abner Shimony [14] ; it takes advantage of the fact that we have a simple mathematical characterization of the states which possess no entanglement. Shimony's insight was that the distance between a state and the set of separable states could be used as measure of entanglement. This idea was extended in [16] where Wei and Goldbart used the minimal angle between the state and the set of separable states to give an equivalent and more common de nition of the geometric measure of entanglement. The idea is that if θ is the smallest angle between |ϕ and the set of symmetric states, the geometric measure of entanglement is sin (θ) = − cos (θ). This measure can easily be expressed as a function of |ϕ .
